The survey is dedicated to approximate empirical and analytical models which were suggested for describing high-speed penetration into geological shields. This review differs from the previously published reviews on this topic in the following respects: (i) includes a large number of models; (ii) describes models suggested during recent years; (iii) much attention is given to models which have been originally published in Russian and are not well known in the West. References list includes 81 items.
Introduction
Within the broad class of approximate engineering models of high-speed penetration we distinguish between two sub-classes: empirical (semi-empirical, phenomenological) models and analytical models. Separate sections in this review are dedicated to each of these two subclasses. Hereafter we use the term "empirical model" for the relations between "integral characteristics" of penetration that have been obtained by statistical analysis of the experimental results and are not based on the physical laws (except for the similarity based arguments). In penetration models for geological shields these relations commonly relate the impact velocity and the depth of penetration (DOP). Analytical models can be physically substantiated although usually their justification requires a large number of assumptions. We consider mainly relatively simple engineering models which are characterized by the following features: either they determine relations between "integral characteristics" of penetration in the explicit form (in algebraic form or including quadratures) or they describe local interaction between shield and penetrator in the points of penetrator-shield contact surface that yields such relations. Dedicated surveys by Thompson and Mitchell [1] ; Adeli et al. [2] ; Heuzé [3] are devoted to engineering models describing penetration into geological media. Papers and surveys by Backman and Goldsmith [4] ; Brown [5] ; Corbett et al. [6] ; Wen and Xu [7] ; Ben Dor et al. [8] and monographs by Bulson [9] ; Carlucci and Jacobson [10] ; Bangash [11] ; Szuladziñski [12] ; Seah et al. [13] summarize some of the results obtained in the field. It must be emphasized that previously published overviews cover only a part of known analytical models and do not include the models suggested during the last decade and the models not published in English. The goal of this review is to fill this gap. Thompson and Mitchell [1] ; Backman and Goldsmith [4] and Corbett et al. [6] cited three best known early models for the DOP which are based on the assumption that the relation between the velocity of impactor, ν , and the resistance force , D , is given by a polynomial:
Empirical models

Early relations for DOP
where 0 1 2 are empirical constants depending on the shape of the impactor and mechanical properties of the shield; the values of the constants for some soils can be found in Backman and Goldsmith [4] . Formulas for the DOP are obtained by integrating the Newton second law equation. Hereafter we use the following notations: is mass of impactor, ν is impact velocity, H is depth of penetration.
Robins (1742) and Euler (1745) equation
H = ν 2 2 0 D = 0(2)
Ponselet equation (1829)
Discussion on applicability of this model for sand with constants and obtained from experimental data, may be found in Sierakowski et al. [14] .
Resel equation (1895)
H = 2 1 + 2 ν 2 0 K = 1 ν + 2 ν 2(4)
Petri Formula (1910)
According to Bulson [9] the Petri formula reads:
where K P depends on soil properties and impact velocity. For typical soils, the following approximation was proposed:
where coefficients are given in Table 1 . Note that in this review all formulas in Bulson [9] are converted into SI units. 
Some formulas suggested in the 1960s
Adeli et al. [2] mentioned a few simple models for the DOP which were suggested in the 1960s.
Hermann et. al. equation (1963)
where is shank diameter of impactor, γ 1 is a coefficient that depends on shield material and is obtained from the experimental data.
Rohani equation (1965)
where γ 2 and γ 3 are empirical coefficients.
Young equations
Penetration equations for rock
After some algebra, Young equation (Young [15] ) can be written as follows:
where coefficients K S and K are determined below, 
where K C RH is caliber radius head defined as the radius of the ogive arc divided by diameter of the projectile. If the nose of the impactor is neither ogive nor conic, Young [15] recommends approximating the actual nose shape by ogive or conic shapes. If the bluntness is less than 10% of the penetrator diameter, it can be ignored. The coefficient K S is determined by the following expression:
where is an unconfined compressive strength and values of the rock quality parameter are presented in Table 2 . The model is recommended for > 5 ,H = H/ ≥ 3, ν < 1220 / .
Penetration equations for soil
In this case Eqs. (9)- (13), (15)- (16) and explanations to these equations are still valid while Eq. (14) must be replaced by the following relationship:
Parameter K for typical soils is given in Table 3 . The model is recommended for > 2 ,H ≥ 3, ν < 1220 / .
Penetration equations for ice and frozen soil
After some algebra, the Young equation for ice and frozen soil (Young [15] ) can be written as follows:
where
and coefficient K is determined by Eq. (15) . Regarding the coefficient K Young [15] recommends the following values: K = 4 5 ± 0 25 for fresh water ice and sea ice, and K = 2 75 ± 0 5 for completely frozen saturated soil. The magnitude of K for the partially frozen soil may be as high as 7 0. The model is recommended for > 5 ,H ≥ 3, ν < 1220 / .
Modifications of the model
Ben Dor et al. [16] , [17] proposed two modification of the model that affords continuity of P(ν ) and its first derivative which are discontinuous in the pointν = ν * . This discontinuity has no physical meaning and can cause problems when applying these relations. The first modification (Ben Dor et al. [17] ) provides the validity of the constraints P (ν * ) = P (ν * ) and P (ν * ) = P (ν * ). This is attained for ν * = 0 065 α 1 = 6 092 × 10 −3 α 2 = 30 34 (22) in Eqs. (11) and (13) . In the second modification (Ben Dor et al. [16] ) the constraints P (ν * ) = P (ν * ), P (ν * ) = P (ν * ) P (ν * ) = P (ν * ) are satisfied and 
Berezan' formula
The name of this formula originates from the island Berezan' where ballistic experiments on penetration into soils and concrete shields were conducted in 1912. The Berezan' formula reads (Efimov [18] ; Sagomonyan [19] ):
where θ is the angle between the normal to the shield surface and direction of impact while values of parameter γ 4 for typical soils are given in Table 4 .
Modified Berezan' formula
Berezan' formula was improved in Artillery Research Institute (former USSR). The modified version of this formula reads (Balagansky and Merzhievsky [20] ):
where ξ = 1 82 for the long-range projectiles and ξ = 2 62 for non long-range projectiles, the angle θ ≤ 0 5π/(2ξ − 1) ν ≤ 0 4 and values of γ 6 for typical soils are given in Table 5 . 
Zabudsky formula
Zabudsly formula (Balagansky and Merzhievsky [20] ; Efimov [18] ) for the case of normal penetration of blunt projectiles with impact velocity less than 400 / is given by the following relation between the dimensionless instantaneous velocity,ν, and the instantaneous depth of penetration of the impactor,¯ :
where L is length of the nose of projectile, coefficient γ 10 varies in the range from 1.15 to 1.20, values of the coefficients γ 8 and γ 9 for typical soils are given in Table 6 . Eq. (26) implies the following formulas for the dimensionless DOP,H, BLV,ν , and the residual velocity of the impactor,ν : (28) where¯ = / is the dimensionless thickness of the shield.
Kar formula
Using the dimensionless variablesH andν 2 and SI units for dimensional parameters formula by Kar [21] , that was mentioned in Adeli et al. [2] , can be written as follows:
where E and E are Young modules of the material of projectile and of D6A-C steel, respectively, E = 207GP . Nose shape parameter for an ogive-nose impactor, K (5) , is determined by the following formula:
Using Eq. (31) , Kar formula can be rewritten as follows:
For the case of perforation of shield having finite thickness, , Kar [22] recommended the following formula for calculating dimensionless residual velocity,ν = ν /1000:
Adeli-Amin-Sierakowski model
Adeli et al. [2] suggested a model that can be written after conversion to SI units as follows:
if 552 P ≤ < 965 P (34) whereω = 2 68
Adeli et al. [2] recommended the following ranges of applicability of their model: 40
WES models for penetration into rock
Three models, which are presented below, were suggested in the U. S. Army Engineer Waterways Experiment Station (WES). Analysis of performance of these models conducted by their authors revealed that the first two models have almost the same accuracy while the accuracy of the third model is somewhat better.
Bernard model (1977)
Bernard [23] proposed the following model for penetration into rock:
where ρ is material density of impactor, K RQD is rock quality in % (Jaeger [24] ). Table 7 shows the relationship between K RQD and rock quality (Deere [25] ). Bernard [23] estimated the accuracy of prediction of the model as ± 20% at best and formulated some restrictions on the validity of the model. Eq. (36) is valid only whenH > 3. For nearly intact rock (K RQD > 90), the model appears to be applicable for the projectiles having shank diameter in the interval 3 ≤ ≤ 30 . For rock having a rock quality parameter K RQD < 90, the model has not been verified for projectiles having shank diameter outside the interval 3 ≤ ≤ 30 . If K RQD < 20, the model should not be used at all. The effect of nose shape seems to be weak, but the model is not recommended for blunt or near-blunt (K C RH < 1 5) projectiles. Murphy [26] generalized this model to shields with a predrilled hole:
where 0 is hole diameter. 
Bernard model (1978)
Bernard [27] proposed a model which is based upon the relation between the velocity of the impactor, ν, and the resistance force, D: 
Integrating the Newton second law equation yields the following formula for the DOP:
Bernard and Creighton model (1979)
Bernard and Creighton [28] suggested a modification of the model by Bernard [27] in which the resistance force for the ogive-nosed and conical-nose projectiles with half angle is determined by Eq. (38) 
WES model for penetration into soil
Crull et al. [29] proposed the equation for the DOP of a fragment penetrating into soils which can be written after conversion to SI units as follows:
where the coefficient γ 12 is given in Table 8 .
Allen-Mayfield-Morrison model for sand
Allen et al. [30] , [31] proposed a model that is based on the piecewise linear dependence between the squared velocity and the resistance force acting on impactor:
where γ 13 γ 14 γ 15 ν * are empirical constants.
DAFL model for soil
Differential Area Force Law (DAFL) model (Hadala [32] ; Heuzé [3] ; Bernard and Creighton [28] ) was proposed by AVCO Corporation in the early 1970s and was used mainly for computer simulation of motion of impactors in soils after high speed oblique impact. It was assumed that the normal stress (pressure) distribution at a given location on the surface of impactor, P, after conversion to SI units is described by the following formula (Bernard and Creighton [28] ):
if > 0 and P = 0 if ≤ 0, where the values of the parameterK are given in Table 9 (Young [33] ) which is an early version of Table 3 (Young [15] ). Generally, Eq. (45) is valid for arbitrary orientation of impactor relative to the front surface of a shield. The particular location is determined by the abscissa (measured Table 9 . ParameterK for typical soils (Young [33] ).
MaterialsK
Frozen silt or clay, saturated, very hard. Rock, weathered, low strength, fractured. Sea or freshwater ice more than 10 feet (3.0 m) thick.
-2
Massive gypsite deposits (White Sands Missile Range, New Mexico). Well-cemented coarse sand and gravel. Caliche, dry. Frozen, moist silt or clay.
-3
Sea or freshwater ice from 1 to 3 feet (from 0.3 to 0.9 m) thick. Medium dense, medium to coarse sand, no cementation, wet or dry. Hard, dry, dense silt or clay (Tonopah Test Range, Nevada, dry lake playas). Desert alluvium.
-6
Very loose, fine sand, excluding topsoil. Moist, stiff clay or silt, medium dense, less that about 50 percent sand. 8 -12 Moist topsoil, loose, with some clay or silt. Moist, medium stiff clay, medium dense, with some sand.
10 -15 Loose, moist topsoil with humus material, mostly sand and silt. Moist to wet clay, soft, low shear strength.
20 -30 Very loose, dry, sandy topsoil (Eglin AFB). Saturated, very soft clay and silts, with very low shear strengths and high plasticity (Great Salt Lake Desert and bay mud at Skaggs Island). Wet lateritic clays.
-50
from a tip of a projectile nose and directed along projectile axis) and the ordinate (normal to axis ) in the coordinate system associated with a projectile, where ρ = Φ( ) is equation of generatrix of a projectile (Fig. 1) . Parameter is the cosine of the angle between the outer normal vector and the velocity vector at a given location on the projectile surface, ν;
is the distance between the considered location and the front surface of the shield. Khromov [34] used a square-law dependence between the local normal stress on impactor-shield contact surface, σ , and local normal component of the velocity of impactor, ν ,
Three-term models
and developed the procedure for determining the coefficients˜ 0 ˜ 1 ˜ 2 on the basis of experimental data. The values of these coefficients are presented in Table 10 . Veldanov [35] ; Ostapenko et al. [36] also applied three-term models although they did not consider methods for determining coefficients in the models.
ConWer-FOI model
Hansson [37] proposed the following generalization of the model by Hyde [38] : 
Some other models and related problems
Gagin et al. [39] (see also Malanin and Pensky [40] Pensky [41] ) suggested formula for the DOP for penetration into sand that can be written as follows:
where is a semi-vertex angle of cone-nose projectile in degrees. Zhang et al. [42] conducted a series of experiments on normal penetration into granite shields and used theresults of these experiments for analysis of the known empirical models and validation of the proposed new equation for determining the DOP. Adeli et al. [2] compared Kar model, Adeli-Amin-Sierakowski model and Young model (early version of the model from Young [43] ) and concluded that Young model is the best. Comparison of different models can be found also in Malanin and Pensky [40] and Pensky [41] . [19, 46] ) proposed dynamic CCE model that can be written in a simplified form as follows:
forμ > 0,
ρ is material density of the shield, is radius of the cavity. It was assumed that the material density of the shield does not change during unloading and density of soil compressed by a shock wave, ρ * , does not change. Consequently,
in Eqs. (53), (54) and (55) is a constant. In order to take into account compressibility of the shield material compressed by a shock wave, the authors proposed using iterative procedures. The model determined by Eqs. (52)- (57) is based on the Coulomb soil model (Scott [47] ):
that can be expressed in terms of Mohr-Coulomb failure condition (the authors of the model use the term Prantl condition):
whereτ 0 = 2κ cos μ = sin (60) τ is shear stress at failure, σ is normal stress at failure (compressive stress is considered positive), κ is the apparent cohesion, is angle of shearing resistance (angle of internal friction). Eq. (59) yields:
On the basis of the above model Rahmatulin et al. [44] obtained formulas for the DOP of a projectile (an arbitrary sharp thin body of revolution) taking into account variation of contact interaction surface between the impactor nose and the shield at the initial stage of penetration. Earlier, Sagomonyan [45] comprehensively investigated penetration by cone-nose projectiles using the same model.
Models for non slender impactors
Sagomonyan [19] proposed several simple penetration models for impactors having different shapes than those described in the previous section. Some of these models are described below. Expression for the resistance force, D acting on a cylinder having radius R and moving along the axis , can be written as follows:
where ν is the velocity of the impactor. In the case of cone-nose projectile with cone half angle close to a right angle, the resistance force is given by the following expression:
Models determined by Eqs. (62) and (63) yield a linear ordinary differential equation with respect to the squared instantaneous velocity, ν 2 , which is considered as a function of the instantaneous penetration depth, . This ODE for impactor motion can be readily solved. In the case of projectiles having a hemispherical nose with radius R, two stages of penetration can be identified. At the first stage of penetration separation of the shield material from the surface of a sphere does not occur. Separation develops at ψ = ψ * :
where ψ is the angle between local normal vector on the hemisphere and direction of penetration. Consequently, penetration is considered until the depth = * = R(1 − cos ψ * ), whereas pressure, P, on the surface of projectile nose is given by the following relation:
The second stage of penetration begins when penetration depth > * , and contact surface area between the projectile and the shield remains constant. Pressure at this stage is determined by Eq. (66) with ψ = ψ * . Model suggested by Sagomonyan [48] for penetration into perfect plastic compressible media can be formulated similarly. In this case
and pressure at the first stage of penetration is calculated as follows:
At the second stage of penetration, Eq. (69) is used with additional term 2 , where is the acceleration of gravity and ψ = ψ * . Grigoryan [49] analyzed qualitative features of penetration of blunt projectiles into soil and determined approximate solution of a problem. This solution comprises explicit formulas which allow calculating all parameters of motion of projectile. Formulas for the DOP read:
is the velocity of sound in the undisturbed soil, C is shape coefficient of projectile nose (C ∼ 0 4 ÷ 0 6), L is length of the nose of projectile, 3 , K are coefficients ( 3 ∼ 1÷3 K ∼ 5÷10), τ 0 and µ are characteristics of soil in the relationship between shear failure stress in soil, τ, and normal failure stress at the surface of cavity, σ , i.e., τ = τ 0 +µ , where is the hydrostatic pressure. Iteration procedure was proposed for determining H, but the author noted that these iterations are redundant if exact (not simplified) equation of motion of impactor is used. This equation permits an explicit analytical solution although a bulky one. "Model of normal sections" (Sagomonyan [19] ) for non slender impactors (e.g., cones with non small vertex angle) is based on assumption that after contact with impactor particles of shield material move in the direction of local normal vector to projectile surface. Even for conical impactors, this model yields more complicated formulas for resistance force as compared with "model of plane sections" (cylindrical cavity expansion model). Ross and Hanagud [50] developed a model based on SCE theory that describes penetration into a homogeneous semi-infinite isotropic shield by a spherical nose projectile. Material of the shield is modeled as a locked-plastic, locked-elastic medium. According to this model the DOP is determined by the following formula (Richmond [51] ):
Ross and Hanagud model for ice
Σ is plastic volumetric strain (%), Y is yield strength of shield material, Σ is the Young's modulus of shield material, is elastic volumetric strain of shield material (%), E is plastic modulus of deformation of shield material.
Sandia Research Laboratories models
Quite a few CEA models were developed in the Sandia Research Laboratories (SRL), sometimes in cooperation with other research establishments.
Forrestal-Norwood-Longcope dynamic model
Forrestal et al. [52] proposed the CCE model that is based on formula for hydrostatic pressure , :
and on shear failure-pressure relation:
where τ 0 and µ are characteristics of soil. Eqs. (78) and (79) yield:
On the basis of the above relations, Forrestal et al. [52] proposed dynamic CCE model in the form of Eq. (52) where the coefficients are determined for µ > 0 by the following formulas:
and the constant ω is determined by Eq. (57). Comparing Eqs. (61) and (80) reveals that in the case when µ = 0, the model by Forrestal et al. [52] coincides with the model suggested by Rahmatulin et al. [44] , and is given by Eq. (55) after replacingτ 0 by τ 0 . Forrestal et al. [52] also analyzed comprehensively a quasi-dynamic version of the model for conical-and ogive-nose impactors.
Forrestal static models
Forrestal [53] considered conical-nosed impactors and proposed static elastic-plastic, elastic-cracked-plastic and elastic-cracked CCE models assuming that plastic region of response is described by the following relationships:
where is hydrostatic pressure; ρ and ρ are densities of non deformed and deformed materials, correspondingly; η is volumetric strain; σ and σ are radial and circumferential stress components (positive in compression); µ and τ 0 are failure criteria; is unconfined compressive strength; Y is tensile strength. Elastic region is characterized by material constants K and Poisson ratio ν. If a cracked region exists, it is considered as an elastic region whereby σ = 0. Static solution is described below. Formula for radial stress at the cavity wall, σ , for the elastic-plastic model reads:
Radial stress at the cavity wall, σ , for the elastic-crackedplastic model is determined by the following formula:
Formula for radial stress at the cavity wall, σ , for the elastic-cracked model reads:
Forrestal and Luk quasi-dynamic models
Forrestal and Luk [54] proposed two quasi-dynamic SCE models of the following type:
Model for a Mohr-Coulomb material
The first model is based on Eqs. (78) and (79), and coefficients in Eq. (93) are determined by the following formulas:
if µ = 0 75;
if µ = 0, where
For the case κ << 1, Forrestal and Luk [54] proposed simplified formulas which were obtained when κ → 0:
Mohr-Coulomb-Tresca-limit yield model
The second model is based on the so called MohrCoulomb Tresca-limit yield constitutive model whereby shear strength τ attains a constant value, τ * , for sufficiently high pressure * :
This model including Eq. (105) requires three solutions (Forrestal and Luk [54] ). For V < V , the stress state in the plastic region lies on the Mohr-Coulomb line given by Eq. (79), and the solutions are described above. For V < V < V , there are stress states in the plastic region that lie on the Mohr-Coulomb and Tresca-limit yield lines. If V > V , the entire stress state in the plastic region lies on the Tresca-limit line. Fomulas for V and V read:
for V < V < V ,
χ is found numerically as the solution of the following equation:
In this case, coefficients in Eq. (93) depend on cavity expansion velocity,
Frew-Forrestal-Hanchak model for limestone shield
Frew et al. [55] adapted the model by Forrestal et al. [56] for limestone shields introducing into the model the unknown "strength constant". Values of this "strength constant" are determined from experiments conducted for different impact velocities ν (other characteristics of the shield and the projectile are the same in all experiments). The obtained values of the "strength constant" are averaged, and the average value is used in the predictive model when ν varies. Frew et al. [55] conducted three sets of experiments with the limestone shields and 3.0 caliber-radius-head (CRH) ogive-nose steel projectiles which have the length-to-diameter ratios of ten while the impactor shank diameters are different in every set. The authors found that the average "strength constant" can be expressed as a linear function of the impactor shank diameter.
Some other models and related problems
Ross et al. [57] (see also references therein) applied dynamic SCE approach for mathematical modeling of penetration into two-layer snow-ice media. Song et al. [58] studied penetration of a projectile into a semi-infinite plastic shield on the basis of dynamic and quasi-dynamic CCE models. Yankelevsky and Adin [59] ; Yankelevsky and Gluck [60] proposed disk model that belongs to the class of cylindrical cavity expansion models. Yankelevsky [61] adapted this model for the case of shields with a predrilled hole. Forrestal et al. [62] developed penetration model for conical-nose projectiles when material of the shield is described by linear hydrostatic and by linear shear failurepressure relations. The equations determining the model were solved numerically, and the results of this solution were used for calculating a parameter of the empirical model of the type σ ∼ V . Siddiqui and Abbas [63] extended the model by Forrestal et al. [62] for ogive-nose projectiles and took into account friction. Kravchenko et al. [64] suggested a set of engineering models for calculating penetration into different soils. For non-rock soils (sand, clay, loam) cavity expansion approximation approach for plastic medium and assumption about steplike dependence of compressibility were used, while for rock and concrete shields empirical relationship between local normal stress at the surface of the impactor and instantaneous velocity was employed. Warren et al. [65] ; Longcope et al. [66] took into account the influence of the free surface. To this end, they used spherical cavity expansion models and assumed that radial stress vanishes on some sphere that was viewed as the "free surface". A spherical cavity expansion model was also employed by Macek and Duffey [67] in order to take into account nearsurface effects and layering. Free surface effect was taken into account by Aptukov [68] in the framework of spherical cavity expansion model. Kotov et al. [69] ; Bazhenov et al. [70] ; Kotov [71] analyzed applicability of some simplified models using results of numerical simulation and experiments. Hankins et al. [72] suggested a penetration model of the type given by Eq. (93) for coarse sand that employs different values of the friction coefficient on projectile nose surface and on the lateral surface of the cylindrical part of projectile. Similar approach, when different sub-models are used for the nose and cylindrical part of projectile, was used by Aptukov and Fonarev [73] for modeling piles driving into the earth. Wen [74] suggested a model where normal stress at the impactor-soil contact surface is a linear function of the impact velocity. Based on the experimental observations, Wen and Xu [7] suggested the function describing dependence of shear strength vs. projectile diameter and unconfined compressive strength of a shield and verified this correlation using penetration data for tlimestone shields impacted by ogive-nose projectiles. Guo and Wen [80] have proposed a quasi-dynamic CCE model which assumes that cavity expansion results in formation of elastic, cracked and comminuted response regions, and takes into account compressibility or dilatancy of the material in the comminuted region. The authors of [80] compared their model with the model by Forrestal [53] and concluded that the difference between predictions of these two model is negligibly small for impact velocities less than 100 m/s and the discrepancy increases with increase of impact velocities. He et al. [81] used similar approach based on quasi-dynamic SCE model.
Concluding remarks
In this study we presented more or less comprehensively all widely used and some not well known models which were suggested for describing high-speed penetration into geological shields. This review differs from the previously published reviews on this topic in the following respects: (i) includes a large number of models; (ii) describes models suggested during recent years; (iii) much attention is given to models which have been originally published in Russian and are not well known in the West. The performed analysis showed that during the last decade less attention has been given to devising empirical models. However the interest in developing analytical model persists, particularly in improving cavity expansion models for determining dependencies of coefficients in simple models (mainly two or three-term models) on mechanical properties of shields. In descriptions of their models the authors usually include arguments in favor of the particular model which are based on theoretical considerations, some limited experimental results or "exact" calculations. Nevertheless, it must be emphasized that these arguments or comparisons with other models have mainly illustrative character. Devising consistent procedures for comparing different models and establishing the ranges of their validity is still a subject of ongoing research.
Appendix A: CAVITY EXPANSION AP-PROACH
Cavity expansion approach is a fairly universal approximate method that allows devising analytical models of penetration mechanics which describe local interaction between a shield and a projectile in the points of projectile-shield contact surface and, consequently, allow determining instantaneous local interaction force between a shield and a projectile during its motion inside the shield. It is important that such models include explicitly parameters which determine mechanical properties of the material of a shield. This goal is achieved by postulating a certain relation between penetration and expansion of a cavity in shield material. It is a common practice to distinguish between three classes of models depending on the level of description of cavity dynamics. Static (or occasionally called quasi-static) models describe stresses on the surface of a cavity in a static state. Quasi-dynamic models are the basis of cavity expansion approach in penetration mechanics. These models determine stresses at the cavity surface as a function of the constant rate of increase of radius of the cavity. Dynamic models take into account acceleration of the cavity surface. A survey of the state of the art up to the late 1950s regarding problems of expansion of cavities in solids was written by Hopkins [75] . Useful information on this topic is summarized in the monograph of Yu [76] . Applications of cavity expansion models in penetration mechanics have been described and analyzed by Teland [77] and Satapathy [78] . Following Ben Dor et al. [79] let us summarize the basic ideas of cavity expansion approach. Spherical cavity expansion (SCE) approximation is widely used in projectile shield interaction models in a quasi dynamic version when expansion of a spherically symmetric cavity from a zero initial radius at a constant velocity is described by the following formula:
where radial stress at the surface of cavity, σ , is assumed to be a known function of the velocity of the surface of the cavity, V , from the solution of cavity expansion problem. Calculating interaction force between a shield and a projectile (a body of revolution) is accomplished as follows. Consider some point on the surface of a projectile moving with instantaneous velocity ν inside a shield. Denote normal velocity of the point at this location by ν . It is assumed that normal stress (pressure), P, produced on the surface of the impactor at this location is equal to the stress on the surface of cavity that expands with a constant velocity, V = ν :
where ρ = Φ( ) determines shape of projectile (see Fig.  1 ). Calculating the force acting on a projectile at some location at the surface of a projectile using dynamic SCE model is ambiguous and does not allow a universal geometric interpretation. This is the reason why dynamic SCE models are not widely used in penetration mechanics.
Another widely used in penetration mechanics approach is known as cylindrical cavity expansion (CCE) approximation (model, method, etc.). Sometimes other names are used, e.g., method of plane sections (Sagomonyan [45] ; Rahmatulin et al. [44] ) and disks model (Yankelevsky and Adin [59] ). CCE method can be justified more readily than SCE method. In CCE approach, normal penetration of a slender body of revolution is usually considered, and it is assumed that particles of shield material move in the radial direction during penetration by projectile. A shield can be viewed as consisting of infinitely thin layers, and in each layer cavity expansion caused by moving projectile is modeled. This approach facilitates calculating stress at the boundary of the hole in each layer and, consequently, the force acting on projectile at each location on lateral surface of a projectile. CCE approach can be described in a general case of a dynamic model of hole expansion in each layer as follows:
where is radius of hole, is time, dot over symbol denotes time derivative. For the infinitesimal layer with the coordinate ξ (see Fig. 1 ), conditions that the surface of the hole coincides with the surface of the projectile and velocity and acceleration of the hole surface are equal to radial components of the same kinematic characteristics of the projectile yield (Rahmatulin et al. [44] ): 
In the case of a quasi dynamic model when σ = σ (˙ ), Eq. (A.6) yields:
= σ (Φ ν) (A7) Figure 1 . The cylindrical cavity expansion approximation.
